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Abstract: In order for different kinds of neutrino to transform into each other, the eigenvalues of energy 
of neutrino must be different. In the present theory of neutrino oscillations, this is guaranteed by the mass 
differences between the different eigenstates of neutrino. Thus neutrino cannot oscillate if it is massless. 
We suggest an explanation for neutrino oscillations by analogy with the oscillation of quantum two-state 
system, where the flipping of one state into the other may be regarded as a process of quantum tunneling 
and the required energy difference between the two eigenstates comes from the barrier potential energy. So 
neutrino with vanishing mass can also oscillate. One of the advantages of the explanation is that neutrino 
can still be described with Weyl equation within the framework of standard model. 
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1 Introduction 
The experiments with solar, atmospheric and reactor neutrinos have provided compelling 
evidences for the existence of neutrino oscillations [1–11]. At present, neutrino oscillations are 
considered to be caused by nonzero neutrino masses and neutrino flavour mixing. Neutrino 
oscillations include oscillations in matter and in vacuum, and the Seesaw mechanism has been 
proposed to explain why the neutrino masses are so small [12, 13]. The formula of oscillation length 
can be derived by the present theory [14], but some of the assumptions, such as equal-energy or 
equal-momentum of the mass state in the production process of neutrino, are controversial. This has 
led to the wave packet description of neutrino by some authors [15–25]. Although there exists dispute 
about the description of neutrino as a plane wave approximation, it is still the foundation of the 
theoretical analysis of neutrino oscillations. So we mainly discuss the method of plane wave 
approximation. It should be noted that there exists an issue whether for the plane wave or the wave 
packet description, which will be discussed in the subsequent section. 
In order for neutrino to be described within the framework of standard model, we suggest that the 
flavour changing of neutrino can be realized by barrier tunneling by analogy with the quantum 
two-state system. The eigenvalues of the energy of the neutrino will be different taking into account 
the potential energy of the barrier. In this case, the neutrino can oscillate even with a vanishing mass. 
2 The present theory of neutrino oscillations  
When approximated as a plane wave, neutrino can oscillate via four assumptions: equal–energy, 
equal–momentum, energy–momentum conservation and equal–velocity. For a review of these 
assumptions one may see [24, 25]. We mainly discuss the former two assumptions, which can be 
found in [14]. For the latter two assumptions, one may see [24, 25] and the references therein.  
For convenience we work in the natural units, where 1== ch . For the sake of simplicity, we leave 
the tauon neutrino  out of the following and assume that only the electron neutrino  and muon 
neutrino  mix with each other. As both  and  are not the eigenstates of the neutrino energy, 
we denote the eigenstates of the Hamiltonian with  and , respectively, and for which we make 
the following ansatz 
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The inversion of Eq. (1) is  
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It can be seen that both the above two equations satisfy the normalization of the wave function: 
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First we assume that an electron neutrino  is created with definite momentum  at point  and 
at time . In the energy representation it holds that, for the evolution of the state 
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where  and  are the eigenvalues of energy of  and , respectively, and we have 1E 2E 1v 2v
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where  and  are the masses of the eigenstates  and , respectively. With the help of Eqs. 
(1), (2) and (4), we obtain 
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According to the assumption that purely neutrinos of the electronic type are emitted at the source, we 
have  and . Then the probability of finding a muon neutrino  at time  is 1)0( =ev 0)0( =uv uv t
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It can be seen that if , then the probability of finding  at any time  is zero, i.e., neutrinos 
cannot oscillate. We further see from Eq. (5) that if , we have , the oscillation 
probability is zero. So it is the precondition of neutrino oscillations that the different kinds of neutrino 
have different masses. In the relativistic limit, we have 
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We then suppose that neutrinos are generated with a definite energy , and make the ansatz E
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And again set  and  for 1)0( =ev 0)0( =uv 0=x . It results that 
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In the relativistic limit, we have ctx ≈  and pE ≈ , the above expression is identical to Eq. (7). In the 
case of , we have , the result of Eq. (12) is zero, neutrino oscillations disappear. 021 == mm 21 pp =
Besides the assumptions of equal–momentum and equal–energy, there are also energy–momentum 
conservation and equal–velocity assumptions. Although the four assumptions lead to the same result in 
the relativistic limit, no one gives arguments for their correctness. A first look at the four assumptions 
shows that they are incompatible. For example, if the neutrinos with different masses had the same 
energy they could not have the same momentum and vice versa. We may ask: why cannot neutrino be 
created with both a definite energy and a definite momentum? In general, the assumption of 
energy–momentum conservation seems to be the most satisfying one, while the equal–velocity 
assumption is the most unlikely one. One may refer to [26] to explain why equal–velocity assumption 
can be ruled out. Assuming the two mass eigenstates have a same velocity, we immediately arrive 
2
21 1 V−== γγ , then we get . This equality cannot hold because , while 
 may be extremely small or extremely large.  
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Since the plane wave description of neutrino is unsatisfactory, it’s natural to describe it with wave 
packet. The detailed discussion may refer to [15–25]. But a problem remains for massive neutrino no 
matter whether we describe it with plane wave or wave packet, that is, since the equal–velocity 
assumption in not correct, the different mass eigenstates will travel with a different velocity. Then after 
a long distance of flight (e.g. the neutrinos reaching the earth from supernovas), the neutrino mixing 
becomes incoherent, and oscillations disappear. Then we can hardly understand why neutrino is 
coherently mixing when it is generated while its wave packet collapses after a long time. This 
difficulty will be swept away with massless neutrino model in the following. 
The above analysis of two–flavour neutrino mixing can be easily extend to the case of 
three–flavour mixing, which is described with PMNS matrix [27] 
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where , , ijijs θsin= ijijc θcos= =ji, 1, 2, 3. δ ,  and  are CP-violating phases. The phases 
 and , known as Majorana phases, have physical consequences only if neutrinos are Majorana 
particles, identical to their antiparticles. 
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3 Neutrino oscillations based on barrier tunneling 
3.1 Oscillation of quantum two-state system 
There is a kind of two-state system in quantum physics, which has two quantum states with a 
 3
 symmetric structure and a same energy. The system oscillates between the two quantum states. The 
following discussion may refer to [28]. Taking ammonia molecule as an example. There are two 
possible positions for the nitrogen atom, which may be on one side of the plane or on the other, as 
shown in Fig. 1. We denote the two quantum states by 1  and 2 , respectively.  
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Fig. 1 Two symmetric configurations of ammonia molecule.  
In Fig. 1, the nitrogen atom must penetrate a barrier when flipping to the other side. Even if its 
energy is not high enough to traverse the barrier from the classical point of view, there is a certain 
probability for the nitrogen atom to tunnel through the barrier. So we suppose the Schrödinger 
equation for the flipping of the nitrogen atom to be 
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It’s not difficult to solve this differential equation. We only need to add and subtract the two equations 
to get 
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It can be seen that the eigenvalues of the Hamiltonian matrix are , and the corresponding 
eigenstates are 
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)(tC±  can be obtained by integrating Eq. (17),  
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where  are integration constants determined by starting condition. We then have )0(±C
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We see that  are stationary state probability amplitudes, while  and  are not. 
Suppose the system is in state 
)(tC± )(1 tC )(2 tC
1  at 0=t , i.e., , . We then have 1)0(1 =C 0)0(2 =C
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The probabilities that the system is in states 1  and 2  are respectively 
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3.2 Neutrino oscillations via barrier tunneling 
We see from above that Eqs. (7) and (23) are identical in the case of 4/πθ = . What we need to do 
is let . Although Eqs. (7) and (23) lead to the same result, their physical meanings are 
different. In order for neutrino to oscillate, the eigenvalues of the energy or the Hamiltonian matrix 
must be different. In the present theory, this is guaranteed by the mass differences between the 
different eigenstates of neutrino, as indicated in Eqs. (5) and (8). While in quantum two-state system, 
oscillation is realized by the existence of potential energy of barrier, as indicated in Eq. (17). So if we 
wish to let neutrino oscillate with a vanishing mass, we can simply think that neutrino oscillations are 
the consequence of barrier tunneling. Under this circumstance, even if , we still have 
, where  and  are the eigenvalues of the energy of the system, and  is the 
energy of the ground state. 
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The problem with the explanation of barrier tunneling is that we only know the different 
eigenvalues of the energy are caused by the existence of barrier, but we cannot determine the 
expression of A , which is the barrier height, and is also half of the energy level splitting between the 
two eigenstates. Its relationship with the neutrino energy  or  is what we need to derive. As 1E 2E
A  is very small compared to  or , we use the average energy  to denote  or . Since 
there is no prior knowledge, we appeal to Bohr’s correspondence principle to seek some clues, which 
states that the behavior of systems described by the quantum mechanics reproduces classical physics 
in the large quantum numbers limit. Then it suggests that the neutrino with a high energy behaves 
more like a classical particle, and the flipping between the two states tends to disappear. Namely, the 
energy level difference decreases with the increase of the energy of neutrino. Or we may interpret it by 
analogy with the transition of the energy level of hydrogen atom. The formula of the energy level of 
hydrogen atom is  
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where  is the energy of the ground state. Thus the energy level difference is  0E
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We see that the energy level difference decreases with the increase of the energy level. On the other 
hand, some theories predict that neutrino oscillations have  type energy dependence, where  
is the flight length of neutrino. So for neutrino we suppose 
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The experimental results in [29] indicate a value of 11.014.1 ±=n . So a plausible assumption is 1=n . 
Then we obtain the same result as that of Eq. (9), with  corresponding to . As  is equal to 
half of the height of the barrier between states 
ijk
2
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i  and j , we have 
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With the help of Eq. (26), we get 
132312 kkk =+ .                                 (28) 
We have noted that the four assumptions on the energy and momentum of neutrino are 
incompatible with each other when we adopt plane wave approximation. This difficulty disappears 
with the explanation of quantum barrier tunneling. In our theory, the neutrino has vanishing mass. But 
due to the potential energies of barriers, we have . So neutrino will oscillate among the 
three flavour states. As neutrino travels at the velocity of , it will always remain coherent mixing 
whether described with plane wave or wave packet.  
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Massless neutrinos can also oscillate in matter, where the oscillations may be enhanced due to the 
interactions between neutrinos and the matter, and a detailed discussion may see [30]. In fact, we can 
add a term to A  ( A− ) to represent the interactions, whose role is to lower down the barrier height so 
as to increase the oscillations probability. There are also other massless neutrino oscillations theories. 
But they all require some additional assumptions. For example, residual symmetry in [31], open 
system in [32] and modified Dirac equations in [33], are respectively introduced in order to keep 
neutrino massless. In contrast, our theory is based on the present theory, and it seems natural to extend 
the oscillation of quantum two-state system to that of the neutrino. 
3.3 Neutrino oscillations based on asymmetric barrier tunneling 
We have discussed in the above the symmetric barrier case. Now we suppose that the barrier 
heights are different for  to flip into  and vice versa. Then Eq. (14) can be written iv jv
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In this case, we may first derive the eigenvalues of the Hamiltonian matrix. From 
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we get 210 AAE ±=λ . Then we have 
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 where , ,  and  are integration constants determined by starting condition. From the 
normalization of probability, we get 
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Suppose the system is in state 1  at 0=t , i.e., , . We have 1)0(1 =C 0)0(2 =C
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In the case of , the oscillation between  and  is symmetric, i.e. their maximum 
magnitudes are identical. Then we have 
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The combination of Eqs. (33), (34) and (35) gives the results of = = = = , which agree 
with the previous results. In the case of , there is no constraint of Eq. (34). The combination 
of Eqs. (33) and (35) gives the results of , 
1a 2a 1b 2b− 2/1
21 AA ≠
11 1 ab −= )1( 112 aaa −=  and )1( 112 aab −−= . Then 
the maximum magnitudes of  and  are 1 and )(1 tC )(2 tC )1(4 11 aa − , respectively, where  
should be a function with respect to ,  and  or is only related to  and . In the 
general case, the maximum magnitudes of  and  are not identical. Thus if there exists CP 
violation in neutrino oscillations, i.e. the maximum magnitudes of the probabilities  and 
 are not equal, the asymmetric barrier just offers a reasonable physical explanation. 
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4 Discussion and conclusion 
Among the four interactions, gravitational, electromagnetic and strong interactions all have 
vanishing–mass particles, which are gravitons, photons and gluons, respectively. Then why not 
suppose the mass of neutrino to be zero? Certainly, this is not the reason that the mass of neutrino 
should be zero. But neutrino with vanishing mass leads to a simple version of standard model, and we 
already have an appropriate equation to describe the behavior of neutrinos, i.e. Weyl equation. 
Neutrino oscillations demand that the eigenvalues of Hamiltonian matrix should be different. In 
the present theory, this is due to the mass differences between the different eigenstates of neutrino. We 
think that it’s more reasonable to explain neutrino oscillations with barrier tunneling, which can keep 
the eigenvalues of the energy of neutrino different while remains the neutrino massless. In addition, 
the CP vialotion in neutrino oscillations may be regarded as the consequence of the existence of 
asymmetric barriers. 
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